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Abstract 



i -^h ■ In this article, we consider the properties of hitting times for G- 

martingale and the stopped processes. We prove that the stopped 
processes for G-martingales are still G-martingales and that the hit- 
ting times for a class of G-martingales including G-Brownian motion 
£Nj . are quasi-continuous. As an application, we improve the G-martingale 

\ representation theorems in [SonglO]. 

o 

1 Introduction 

o. 

Recently, [P06], [P08] introduced the notion of sublinear expectation space, 
which is a generalization of probability space. One of the most important 
sublinear expectation space is G-expectation space. As the counterpart 
of Wiener space in the linear case, the notions of G-Brownian motion, G- 
martingale, and ltd integral w.r.t G-Brownian motion were also introduced. 
These notions have very rich and interesting new structures which nontriv- 
ially generalize the classical ones. 

As is well known, stopping times play a great role in classical stochastic 
analysis. However, it is difficult to apply stopping time technique in subliner 
expectation space since the stopped process maynot belong to the class of 
processes which are meaningful in the present situation. For example, let 
{M t }te[o,T} be a G-martingale and r be an F-stopping time, we don't know 
whether M[ has a quasi-continuous version for t G [0,T]. 

In this article we consider the properties of hitting times for G-martingale 
and the stopped processes. We prove that the stopped processes for G- 
martingales are still G-martingales and that the hitting times for symmet- 
ric G-martingales with strictly increasing quadratic variation processes are 
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quasi-continuous. As an application, we prove that any symmetric random 
variable can be approximated by bounded random variables that are also 
symmetric. Besides, we improve the results in [SonglO] for G- martingale 
representation by a stopping time technique. 

This article is organized as follows: In section 2, we recall some basic no- 
tions and results of G-expectation and the related space of random variables. 
In section 3, we give several preliminary lemmas. In section 4, we prove that 
the stopped processes for G-martingales are still G-martingales and that the 
hitting times for a class of G-martingales including G-Brownian motion are 
quasi- continuous. In section 5, we give some applications by a stopping time 
technique. 

2 Preliminary 

We recall some basic notions and results of G-expectation and the related 
space of random variables. More details of this section can be found in [P07]. 

2.1 G-expectation 

Definition 2.1 Let VL be a given set and let H be a linear space of real valued 
functions defined on Q with c G % for all constants c. % is considered as the 
space of random variables. A sublinear expectation E on % is a functional 
E : H — >■ R satisfying the following properties: for all X, Y e T-L, we have 

(a) Monotonicity: If X > Y then E(X) > E(Y). 

(b) Constant preserving: E(c) = c. 

(c) Sub-additivity: E(X) - E(Y) < E(X - Y). 

(d) Positive homogeneity: E(\X) = XE(X), A > 0. 
(fi, H, E) is called a sublinear expectation space. 

Definition 2.2 Let Xi and X 2 be two n-dimensional random vectors defined 
respectively in sublinear expectation spaces (fii, T^i, £i) and (fi 2 , "H 2 , -E 2 )- 
They are called identically distributed, denoted by Xi ~ X 2 , if Ei[ip(Xi)] = 
_E 2 [y?(A 2 )], V(p G C^Li P (R n ), where C^Li P {R n ) is the space of real continuous 
functions defined on R n such that 

\(p(x) - (p(y)\ < G(l + \x\ k + \y\ h )\x - y\,Vx,ye R n , 

where k depends only on ip. 
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Definition 2.3 In a sublinear expectation space (Q,T-L,E) a random vector 

Y = (Yi,- ■ -,Y n ), Yi G H is said to be independent to another random 
vector X = (Xi, ■ ■ -,X m ), Xi G H under E(-) if for each test function 

V e C hLip (R m x R n ) we have E[<p(X,Y)] = E[E[tp(x,Y)] x=x ]. 

Definition 2.4 (G-normal distribution) A d-dimensional random vector X = 
(Xi, - ■ -,Xd) in a sublinear expectation space (ft,T-L,E) is called G-normal 
distributed if for each a, b G R we have 

aX + bX ~ Va 2 + b 2 X, 

where X is an independent copy of X. Here the letter G denotes the function 

G(A):=^E[(AX,X)]:S d ^R, 

where Sd denotes the collection of d x d symmetric matrices. 

The function G(-) : Sd — > R is a monotonic, sublinear mapping on Sd and 
G(A) = \E[(AX,X)\ < \\A\E[\X\ 2 ] =: l\A\a 2 implies that there exists a 
bounded, convex and closed subset T C S^ such that 

G{A) = \ sup Tr( 7 A). 

If there exists some (5 > such that - (7(5) > (5Tr(A - B) for any 

A > B, we call the G-normal distribution is non-degenerate, which is the 
case we consider throughout this article. 

Definition 2.5 i) Let — Co([0, T]; R d ) with the supremum norm, := 
{<p(B tl ,...,B tn )\Vn > l,h,...,t n G [0,T\,V<p G C lMp (R dxn )}, G-expectation 
is a sublinear expectation defined by 

E Yp{B tl - B to , B t2 - B tl , ■ ■ ■, B tm - B tm _J] 

for all X = <p(.B tl - B t0 , B t2 - B tl , ■ ■ •, 5 tm - 5 tm _J, where £i, •••,£„ are 
identically distributed ci-dimensional G-normal distributed random vectors 
in a sublinear expectation space (Q,T-L,E) such that is independent to 
' ' "> &) f° r eacn * — I? " " "> m - (^t, E) 1S called a G-expectation space. 

ii) For t G [0, T] and £ = <f(B tl , B tn ) G "H^, the conditional expectation 
defined by(there is no loss of generality, we assume t = U) 

E tiYp(.B tl - B to ,B t2 - B tl , ■ ■ ■, B tm - B tm _ L )] 
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= <p( B ti - B to ,B t2 - B tl ,- ■ -,B t . - £ ti _J, 

where 

<p{x U - ■ ;Xi) = E[ip(x ir ■ ;Xi,B u+1 - B t . , ■ ■ ■ , B tm -B tm _J[. 

Let ||£||p,G = for i G U% andp > 1, then Vt G [0,T], £ t (-) is a 

continuous mapping on "H T with norm || • \\i t a and therefore can be extended 
continuously to the completion Lq(Q t ) of "H T under norm || • 

Theorem 2.6([DHP08]) There exists a tight subset V C Mi(fl T ) such that 
i(0 = maxS P (0 for all £ G "H p . 

"P is called a set that represents E. 

Remark 2.7 i) Let A denotes the sets that represent E. V* = {P G 
M\(flT)\Ep(^) < E({;), V £ G "H T } is obviously the maximal one, which is 
convex and weak compact. All capacities induced by weak compact sets of 
probabilities in A are the same, i.e. c-p := sup PeP P = sup PG -p/ P =: c-pr for 
any weak compact set V, V G A. 

ii) Let {J 7 ,?}, J 7 , P°) be a filtered probability space, and {W t } be a 
d-dimensional Brownian motion under P°. [DHP08] proved that 

V' M := {P o X-^Xt = f h s dW s , h G L%([0, T]; T 1 / 2 )} e ^, 

Jo 

where T 1//2 := {7 1//2 |7 G T} and T is the set in the representation of G(-). 

iii) Let Vm be the weak closure of V' M . Then under each P G Pm, the 
canonical process B t {uj) = ui t for uj G fiy is a martingale. 

Definition 2.8 i) Let c be the capacity induced by E. A map X on f2 p with 
values in a topological space is said to be quasi-continuous w.r.t c if 

Vs > 0, there exists an open set O with c(0) < e such that X|o is continuous. 

ii) We say that X : Q T — > R has a quasi-continuous version if there exists 
a quasi-continuous function Y : Qp R with X = Y, c-q.s.. □ 

Let y\\ p , G = [£(M P )] 1/p for ip G C b (Q T ), the completions of C b (Q T ), U\ 
and L ip (Q T ) under || • || P)G are the same and denoted by L G (f2 T ), where 

L ip (Q T ) := { V (B tl ,...,B t J\Vn > l,t u ...,t n G [0,T\,V<p G C bMp (R dxn )} 

and Cb,Li P (R dxn ) denotes the set of bounded Lipschitz functions on R dxn . 
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Theorem 2.9[DHP08] For p > 1 the completion L P G (VL T ) of C b {tt T ) is 
L P G (Q, T ) = {X G L° : X has a q.c. version, lim ^[|X| p l{|x|> n }] = 0}, 

n— ¥00 

where L° denotes the space of all R- valued measurable functions on £l T . 

2.2 Basic notions on stochastic calculus in sublinear 
expectation space 

For convenience of description, we only give the definition of ltd integral 
with respect to 1- dimensional G-Brownian motion. However, all results in 
the following sections of this article hold for the d-dimensional case. 

Let H G (0,T) be the collection of processes in the following form: for a 
given partition {to, ■ ■ -,£jv} = ttt of [0,T], 

N-l 
j=0 

where & G L ip (Q u ), i = 0, 1, 2, • • •, N- I. For each n G if&(0, T), let \\t}\\ h v g = 

{E(J T \r) s \ 2 dsy/ 2 y/v and denote ifg(0,T) the completion of ifg(0,T) under 
norm II • || ff p . 

II II-Oq 

Definition 2.10 For each r, G #&(0,T) with the form 

N-l 
3=0 

we define 

I( V )= / i7( S )dS.:=X;^ + i-^)- 
■/o i=0 

By B-D-G inequality, the mapping I : Hq(0,T) — >■ L^(fir) is continuous 
under || • ||#p and thus can be continuously extended to Hq(0,T). 

Definition 2.11 A process {M t } with values in Lq(Qt) is called a G- 
martingale if E s (M t ) = M s for any s < t. If {M t } and {-MJ are both 
G-martingale, we call {M t } symmetric G-martingale. 

Definition 2.12 For two process {X t }, {Y t } with values in Lq{Q, t ), we say 
{X t } is a version of {Y t } if 

X t = Y t , q.s. yt G [0, T\. 
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3 Some lemmas 



Definition 3.1 We say that a process {M t } with values in Lq{Q.t) is quasi- 
continuous if 

We > 0, there exists open set G with c(G) < e such that M.(-) is continuous 
on G c x [0,T]. 

Lemma 3.2(SonglO) Any G-martingale {M t } has a quasi-continuous ver- 
sion. □ 

So we shall only consider quasi-continuous G-martingale in the rest of the 
article. The following lemma is the counterpart of Doob's uniform integra- 
bility lemma, and the proof is adapted from [Yan98] . 

Let Bt = o-{B s \s < t}, T t = n r>t B r and F = {F t }te[o,T\- r : VL T [0,T] 
is called a F stopping time if [r <t] G F t , Vt G [0, T}. 

Lemma 3.3 Let {M t } be a symmetric or negative G-martingale with Mt G 
Lq(Qt) for p > 1, then {|M CTi | p }j e / are uniformly integrable under E in the 
following sense: 

sup£[|M <r .| p l [ | M | >n] ] ->• 0, 

where {a"j| i G /} is a family of stopping times w.r.t F. 
Proof. Fix P G Pm and % G J. 

^p[|-^o-i| P l[|M CTi |>n]] 

< SpNMrl'V^]] 

[|M T |>5]J 

< 5 p n- p E P (\M ai \v) + E P [\M T \n [lMTl>5] ] 

< 5 p n~ p E P (\M T \ p ) + E P [\M T \n [lMTl>5] ]. 

Sosnp teI E[\M ai \n [lM ^ >n] ] < 5Pn-PE(\M T \P) + E[\M T \n [lMTl>5] }. First 
let n — > oo, then let 5 go to infinity, we get the result. □ 

Lemma 3.4 Let P be a metric space and a mapping E x [0, T] 9 (oo,t) — > 
M t (u) G R be continuous on£x [0,T]. 

Define = inf{t > 0| M t > a} A T and r a = inf{t > 0| M t > a} A T. 
Then 

i) M tAr is continuous at any u G E with M tAr (w) < a and M tA - a is 
continuous at any w G E with M t/Vfa (u;) = a. Moreover, —M tAZa , M tA - a are 
both lower semi- continuous. 

ii) — r a and r a are both lower semi-continuous. 
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Proof, i) For to with M tAYa (u>) = a, M tA¥a (-) is obviously continuous at 
u. Also, we claim that for ui with M tAZa (co) < a, M tAz (•) is continuous at to. 
Otherwise, there exists a sequence {w n } C Qt and a sequence {£„} C [0, £] 
such that u n — > oj and M tn (u n ) > a. Assume t n — > t' G [0, £], then 

|M t? > n )-M t ,(u;)|^0. 

So M t /(uu) > a and M tA;? ^(u;) > a, which contradicts the assumption. 

For any b G R, we claim that [M tA£ < b] and [M tAfa > 6] are both 
open. If b > a, [M tAZa < b] is obvious open. Assume b < a. For any 
u G [M tA r < b], there exists an open set O such that u G O C [M tA2; < 6] 
since M tALa is continuous at w. So [M tA2 - a < b] is open. Also, [M tA - a > b] 
is obvious open for b > a. Assume b < a. If M tATa (u) = a, there exists an 
open set O such that u G O C [M tATa > 6] since M tATa is continuous at w. 
For b < M tAYa {uj) < a, we have b < M t (u). Then there exists an open set O 
such that u G O C [M t > 6] C [M tATa > 6] since M t is continuous at w. So 
[M tA - a > b] is open. 

ii) For any t G [0, T], [r a < t] is obviously open. For any t G [0,T), 
[21a > = [^(A Ia < a] is open by i). □ 
Lemma 3.5 For any closed set F, we have 

c(F) = inf{c(0)| F C O}, 

where c is the capacity induced by E. 

Proof. It suffices to prove that for any closed set F C Vl T , c(F) > 
inf{c(0)| F C O}. In fact, for any closed set F C VL T) there exists {</? n } G 
C b (tt T ) such that 1 > (p n I 1 F . By Theorem 28 in [DHP08], we have c(F) = 
lim^oo E(ip n ). Let O n = [ip n > 1 - l/n]. Then 0„ D F and c(0„) < 
^^(^„) -> c(F). So c(F) > inf n c(O n ) > inf{c(C)| FcOj.D 

4 Hitting times for G- martingale 

4.1 Hitting times for symmetric G- martingale 

In this section, we try to define stopped processes for symmetric G-martingale. 
Let 

Q T = {(r, s)\ T > r > s > 0, r, s are rational} 

and 

S a (M) = {wG fi T | 3(r, s) G Q T such that M t (w) = a Vt G [s,r]}. 
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Theorem 4.1 Let {M t } te [ 0) T] be a symmetric G-martingale. Then for all 

a > M and r a ,r a denned above, 

i) Vt G [0, T], M tATa and M 4Az; are both quasi-continuous. Consequently, 
{M tA - a } and {M tA;L } are both symmetric G- martingale. 

ii) If in addition c(S a (M)) = 0, then r a ,r a are both quasi-continuous. 

Proof, i) Since {M t }te[o t T} be a symmetric G- martingale, it is a martin- 
gale under each P G "Pm- Therefore, E P (M tAfa ) = M = Ep(M tAZa ) for each 
P G V M - Consequently E(M tAZa - M tATa ) = 0. Noting that M tALa > M tATa , 
we get M tAZa = M tATa , q.s. Since {M t } is quasi-continuous, for any e > 
there there exists open set G with c(G) < e/2 such that M.(-) is continuous 
on G c x [0, T\. Let Q = {(r, s)| r > s, r, s are rational}. Noting that 

[M tAZa > M tATa ] = U (r , s)eQ [M tAZa >r,s> M tATa ], 

we have 

[M tAZa > M tA - a ] CG\J U {r , s)eQ ([M tAZa > r, s > M tA - a ] n G c ). 

By Lemma 3.4, [M tAZa > r,s > M tATa \ flG c is closed for any (r, s) G Q. Since 
c([M tAz > r,s > M tA - a ] fl G c ) = 0, by Lemma 3.5 there exists open set O 
with c(O) < e/2 such that 

U( ri8)6e ([M tAlo > r, s > M tA -J n G c ) C O. 

By Lemma 3.3, M tA - a and M tAz are both continuous on O c fl G c . 

ii) By the quasi-continuity of {M t }, for any e > there exists open set G 
such that c(G) < e/2 and M t (uj) is continuous on G c x [0,T]. So 

G c n [r a > rj C 5 a (M) [J U reQ n[o,T][M rA - a < M rAl J, 

where Q denotes the totality of rational numbers. Then c(G c fl [r > rj) = 0. 
Since 

G c n[r a >r a ]= |J ([r a >r, S >rJnG c ) 

(r,s)eS 

and [r > r, s > rj fl G c is closed by Lemma 3.4, there exists open set O 
such that c(0) < e/2 and G c n [r > rj C O. So on O c n G c , f a = T a are 
both continuous. □ 

Remark 4.2 If the quadratic variation process of {M t } is strictly increasing 
except on a polar set, then c(S a (M)) = for any a G R. 
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Example 4.3 Let {B t } te ^ T ] be a 1-dimensional G-Brownian motion. For 
a > 0, let T a = inf{i > 0| P* > a} AT and r a = inf{t > 0| B t > a} A T. 
Then we have 

i) For any t G [0,T], —B tALa , B tA - a , —r a and r a are all lower semi- 
continuous. 

ii) For any t G [0, T], B tAz , B tA - a , r a and r a are all quasi-continuous. 

iii) {-BtArj and {P t/V 7= } are both symmetric G-martingale. 

4.2 Hitting times for G- mart ingale(non- symmetric) 

For each P G P M and t G [0,T], let A,p := {Q G V M \ Q = P\r t }. Theorem 

2.3 in [STZ09] implies the following result: For t G [0,T] and \ G L^(fi T ), 
77 G Lg(Q t ), rf = E t (£) if and only if for each P G Pm 

77 = esssup% eAtp E Q ({,\JT t ), P-a.s. 

Theorem 4.4 Let {M t } te [ 0tT ] be a quasi-continuous G-martingale. For all 
a > \M \, M tt<Ua and M tAg _ are both G- martingale, where = inf{t > 
0| M t < -a} A T and a a =Tnf{t > 0| M t < -a} A T. 

Proof. For each P G Pm, {-^/*}te[o,T] is a supermartingale, so for each 

te[o,T] 

E P (M tAWa \F tA£ J < M tA „ a 

by Doob optimal stopping theorem and noting that < a a . This implies 
E P (M tAg _ a — M tAWa ) > 0. On the other hand, it's obvious to see that M tAg _ a < 
M tA w a - So M tAgLa = M tAWa q.s. By the same arguments as in Theorem 4.1, for 
any e > 0, there exists an open set O such that c(0) < e and M tA „ a = M tAWa 
are continuous on O c . So M tAg _ a and M tA ^ a are both quasi continuous. 

Let a = a a or a a . 

For < s < t < T and P G P M , 

E s {M tAa ) 
= esssupg 6Ap P Q (M MCT |J r s ) 
< M s/W P-a.s. 
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On the other hand, 

E Q (M tAa \F s ) 
= — al[ a < s ] + EQ(M tAa \J r s )l[ a>s ] 
> —al[ a < s ] + E Q [E Q (M t \J : ' tAa )\J : ' s ]l[ r7>s ] 

= -al[a<s] + Eq(M t \J : ' sAr7 )l[ a>s ] 

= — al[ CT < s ] + EQ(M t \J r s )l[ (7>s ]. 

So 

E s (M tAa ) 
= esssupg e _ 4spJ E Q (M M(7 |J r s ) 

> -al[ ff < 8 ] +esssupQ eApJ B Q (Mi|J : ' s )l [(7>s ] 

= -al[a<s] + M s l[ a>s ] 

= M aAs P - a.s. 
E S {M°) = Mf q.s. □ 

5 Applications 

Theorem 5.1 Let £ G L^(Qt) for some /3 > 1 be symmetric, then there 
exist a sequence {£ n } C L l (Vt T ) which are bounded and symmetric such that 

Proof. Let M t = for t G [0, T] be the quasi-continuous version. 

For each n G N, let a n = inf{i > 0| |M t | >n}AT, and r n = inf{t > 0| M t > 
n} AT. By Theorem 4.1, {M t T ™}j G [ 0i T] is a symmetric G-martingale. Let {N t } 
be the quasi-continuous version of M Tn and ^ n = inf{t > 0| — N t > n} A T. 
By the same arguments, {N^ n } is a bounded symmetric G-martingale. Since 
the paths of {M[ n } and {Nf n } are continuous except on a polar set, 

{u G fi T |3 some i G [0,T], s.t. iV t (w) ^ M^{u)} 

is a polar set. So Nf n = M T t nh< - n = M? n , q.s.. 

\M an -M T f 

< 2^ 1 (\M an - (M T An) V {-n)\ p + \(M T A n) V (-n) - M T f) 

< 2 2 ^ 1 \M a J% M ^> n] +2P- 1 \M T fl []MTl>n] . 

Hence, by Lemma 3.3, 

E(\M an -M T f) <2 2/3 - 1 supi[|M CTi | /3 l [ |M CT j>n]] + 2 /3 - 1 i[|M T | /3 l [ |M T |>n ] ] 
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□ 

The following Corollary improved Theorem 4.6 in [SonglO]. 

Corollary 5.2 Let f G L%(n T ) for some (3 > 1 with E(Z) + E(-£) = 0, then 
there exists {Z t } te [ ^ G H^,(0,T) such that 

./o 

Proof. By Theorem 5.1, there exist a sequence C L l (Vt T ) which 

are bounded and symmetric such that E[\£ — £, n f] — » 0. By Theorem 4.6 in 
[SonglO], there exists {Z?} te[0tT] G H^(0,T) such that 

C = E(C)+ [ T zyB s . 

Jo 

By B-D-G and Doob's maximal inequality, {Z™} t6 r 0i T] is a Cauchy sequence 
in H^(0,T). So there exists {Z t } G H^O^T) such that ||Z n - Z\\ H p ->■ 0. 
Then 

f = lim r= lim [E(C)+ [ T ZyB s ]=E(0+ [ T Z s dB s . 

□ 

Theorem 5.3 Let f G L 2 G {Vt T ) be bounded above, then M t = E t (£), t G [0, T] 
has the following representation: 

M t = M + [ Z s dB s -K t , (5.0.1) 
Jo 

where {Z t } G Mq(Qt), {Kt\ is a quasi-continuous increasing process with 
Kq = and {—K t }te[o,T] a G-martingale. 

Proof. There is no loss of generality, we only consider the £ < case. 
Let {M t } be the quasi-continuous version. For n G iV, let <r n = a„ defined 
in Theorem 4.4. Then M Un is bounded. By Theorem 4.4 and Theorem 4.5 
in [SonglO], we have the following representation 

Mf" = E{M T ) + / Z s n dB s - =: iV™ - K?, g.s. 
Jo 

where {Z t n } tg [ 0r ] G H G (0,T) and {fT™}^^] is a continuous increasing pro- 
cess with Kq = and {— fT t n } te [ 0i T] a G-martingale. For m > n, by unique- 
ness of decomposition of semimartingale, = (N m )^ n and = (K m )1 n . 
So 

M t := Mf m - Mf" = (iVf - N?) - (K™ - K?) =: N t - K t 
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with {K t } a continuous increasing process. 
By ltd formula, we have 

E(N$) < E(M%) + 2E( [ M+dK s ). 

Jo 

Noting that M s + < n, we have 

E(N%) < E(M$) + 2nE(K T ). 

E(M*) < 2{E[(M T - M CT J 2 ] + E[(M T - M CT J 2 ]}, 
2nE(K T ) 

= 2n[E(M an - M a J + E(M am - M an )\ 
< 4n[E(\M an - M T \) + E(\M am - M T \)]. 

By the same arguments as in Theorem 5.1, E(M^) — > as m, n — > oo. 



\M an -M T \ 

< \M an - M T V (-n)| + \M T V (-n) - M T \ 

< 2M an l[\ Mr7n \> n ] + M t 1[| Mt |>„]. 

So 

2nE(K T ) 

< 8nE(M an l [lMa j> n] ) + AnE(M T l { \ MT>n] ) + 
8mE(M CTm l[| M(Tm |>m]) + 4mE(M T l[|M T |> m ]) 

< 8E(M (T 2 n l [ |M CT J>n]) + 4£(M|l M T |>n]) + 

8E(M CT 2 m l [ | MCTm |> m] ) + 4i(M|l[| MT | >m] ). 

So 2nE(K T ) — > as m, n — >■ oo by Lemma 3.3. Consequently, we conclude 
that E(N%) -» and E(K%) ->0asm,n^oo. 

So {Z™} and {-fQ 1 } be Cauchy sequences in Hq(0,T) and L 2 G (Vt T ) respec- 
tively. Let {Zt} te[0 ,T], {^t} be the corresponding limits of {Z t n } te[0 ,T], {-&?}■ 
Then 

M 4 = lim M™ = lim / Z r s l dB s - lim = / Z s dB s - K t . 

□ 

In this theorem, for £ e Lq(Qt) and bounded above, we have i^r £ 
L 2 G (VL T ). In this sense, this result improved Theorem 4.5 in [SonglO]. 
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